A technique is proposed for measuring the linear birefringence and linear diattenuation of an optical sample using a polarimeter. In the proposed approach, the principal axis angle (Į), phase retardance (ȕ), diattenuation axis angle (ș d ), and diattenuation (D) are derived using an analytical model based on the Mueller matrix formulation and the Stokes parameters. The dynamic measurement ranges of the four parameters are shown to be Į = 0~180°, ȕ = 0~180°, ș d = 0~180°, and D = 0~1, respectively. Thus, full-range measurements are possible for all parameters other than ȕ. In this study, the proposed methodology does not require the principal birefringence axes and diattenuation axes to be aligned. In addition, the linear birefringence and linear diattenuation properties are decoupled within the analytical model, and thus the birefringence properties of the sample can be solved directly without any prior knowledge of the diattenuation parameters.
Introduction
Diattenuation is the property of an optical system whereby the intensity transmittance of the exiting beam depends on the polarization state of the incident beam [1] [2] [3] . It has been shown that the diattenuation of an optical sample can be calculated directly from the elements of the corresponding Mueller matrix; namely a matrix containing information about all of the polarization properties of the system [3] . In 1990, Chenault and Chipman [4] measured the diattenuation and birefringence of IR samples using a spectropolarimeter. A few years later, the same authors used a rotating sample spectropolarimeter to measure the birefringence spectra of three ferroelectric liquid crystals, namely 764E, SCE4 and SCE9, in the infrared wavelength region from 2.5 to 16.5 ȝm [5] . In 1993, the same group presented a technique for measuring the diattenuation and birefringence spectra of a sample rotated between two stationary linear polarizers in an IR-spectrometer [6] . In [4] [5] [6] , the optical parameters were solved using an analytical approach based on the first three terms of the FourierBessel expansion of optical intensity. However, in [4] [5] [6] , an assumption was made that the principal birefringence and diattenuation axes were aligned. Furthermore, the linear birefringence and linear diattenuation parameters were coupled within the corresponding analytical models. In addition, solving the sample parameters with a Fourier-based scheme is intended to simplify the measurements and data analysis is a bit more involved in the Fourier-transform case. Bueno and Artal [7, 8] used a double-pass polarimeter to investigate the ocular diattenuation phenomenon using a Mueller matrix formulation. Todorovic et al. [9] investigated the diattenuation of biological samples using an optical coherence tomography technique and a Mueller matrix formulation. Huang and Knighton [10] measured the diattenuation spectrum of the retinal nerve fiber layer using a multispectral imaging micropolarimeter. However, in [7] [8] [9] [10] , they only measured the diattenuation of material.
In recent years, several methodologies have been presented for measuring the linear birefringence and diattenuation properties of optical samples using near-field scanning optical microscopy (NSOM) techniques. For example, Higgins et al. [11] presented a method for measuring the diattenuation of mesoscopic crystals in which an electro-optic modulator and a quarter-wave plate were used to modulate the polarization of the light was used to extract the sample parameters. Campillo and Hsu [12] measured the birefringence and diattenuation of SiN membranes using a SNOM in which the polarization of the input light was adjusted using a photo-elastic modulator (PEM) and the detected signal was processed using a Fourier analysis scheme. Fasolka et al. [13] and Goldner et al. [14] [15] [16] adopted a similar approach to measure the local optical properties of photonic block copolymers and isotactic polystyrene crystallites, respectively. In contrast to previous methods, the schemes presented in [11] [12] [13] [14] [15] [16] assumed that the principal axes of birefringence and diattenuation were not necessarily aligned in the optical sample.
Accordingly, this study presents a straightforward method for measuring the local birefringence and diattenuation properties of an optical sample using a polarimeter and a Mueller matrix formulation. In the proposed approach, we use Stokes parameters and change the state of polarization of a light to measure the optical sample. It is shown that the proposed methodology enables full range measurements of the principal axis angle, diattenuation axis angle and diattenuation, respectively. In addition, the linear birefringence and linear diattenuation parameters are decoupled in the analytical model. Thus, the birefringence parameters can be solved directly without any prior knowledge of the diattenuation parameters. The concept of characteristic parameters will be used to prove the derived algorithm for measuring the local effective birefringence and diattenuation properties in tested samples such as a baked polarizer and a composite sample that includes a baked polarizer in series with a quarter-wave plate. Two cases are discussed when considering the diattenuation axis of a baked polarizer is aligned or not aligned to the principal axis angle of a quarter-wave plate. { , , , }
Basic measuring system and methods

Basic Stokes parameter method
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In this study, the samples of interest are assumed to have both linear birefringence and linear diattenuation properties. According to [18] , the Mueller matrix for a linear birefringent material such as a wave plate or retarder can be expressed as where Į is the principal angle of the slow axis and ȕ is the phase retardance. Similarly, the Mueller matrix for a linear diattenuation material can be expressed as
where ș d is the diattenuation axis angle and u and v are the transmittances of the optical sample for light rays polarized parallel and perpendicular to the diattenuation axis, respectively [14] . The diattenuation of the sample is given by D= (u-v)/(u+v).
Assume that the sample of interest comprises an optical material with linear birefringence properties positioned in front of a second optical material with linear diattenuation properties [14] . As a result, the composite sample has four parameters of interest, namely the principal axis angle (Į), the phase retardance (ȕ), the diattenuation axis angle (ș d ), and the diattenuation (D). The output Stokes vector S c of the composite sample can be obtained as As described in the following sections, given knowledge of the input polarization state and the measured values of the output Stokes parameters, the Mueller matrix elements enable the four parameters of interest to be inversely derived.
Determination of linear birefringence and linear diattenuation properties
In the method proposed in this study, the linear birefringence properties of the composite sample, i.e., Į and ȕ, are extracted from the output Stokes vectors corresponding to three different input polarization states, namely two linear polarization states, i.e., 
The retardance which its measurable range is from 0 ~ 180°can be obtained as 
Having determined the value of the diattenuation axis ș d , the diattenuation D can be obtained as
Analytical results
In this section, the ability of the proposed analytical model to extract the four effective optical parameters of interest over the measurement ranges defined in the previous section is verified using a simulation technique.
In evaluating the ability of the proposed method to extract the principal axis angle (Į), the phase retardance (ȕ), the diattenuation axis angle (ș d ), the diattenuation (D) of the composite sample, respectively. Figure 1 Overall, the results presented in Figs. 1(a) ~ (d) demonstrate that the proposed method yields full range measurements of all the linear birefringence / linear diattenuation parameters of interest other than the phase retardance, which is limited to the range 0 ~ 180°. Nonetheless, the proposed method enables the complete characterization of optical samples such as thin films, in which the phase retardance is limited to this restricted range due to their very thin thickness.
Experimental measurements and results
Figure 2 presents a schematic illustration of the experimental setup used in this study to evaluate the practical feasibility of the proposed measurement method. Note that in this figure, P is a polarizer (GTH5M, Thorlabs Co.) and Q is a quarter-wave plate (QWP0-633-04-4-R10, CVI Co.). As shown, the polarizer and quarter-wave plate were used to produce linearly polarized light orientated at 0°, 45°, 90°, and 135° to the horizontal plane, respectively, and right-handed circularly polarized light. In addition, the slow axis or the diattenuation axis of the sample was set to various positions (i.e., 0°, 30°, 60°, 90°, 120°, or 150°) during the measurement process using a rotary stage. In the experiments, the illuminating light was provided by a frequency-stable He-Ne laser (SL 02/2, SIOS Co.) with a central wavelength of 632.8 nm. Finally, the output Stokes parameters were determined in accordance with the intensity measurements obtained using a commercial Stokes polarimeter (PAX5710, Thorlabs Co.).
If the sample has a diattenuation property, the output Stokes parameters can not be normalized, and thus additional steps must be taken to ensure that each of the five input lights has an identical intensity. In the present experiments, this is achieved by using a Neutral Density Filter (NDC-100C-2, ONSET Co.) and a power meter detector (8842A, OPHIT Co.) positioned between the polarizer and the sample (see Fig. 2 ). The sampling rate of polarimeter used in the present experiments of measuring the output Stokes parameters is 30 samples per second. Therefore, we used one hundred data points to calculate the standard deviation and the average data in experiments. The validity of the proposed measurement method was evaluated using four different optical samples, namely a quarter-wave plate (QWP0-633-04-4-R10, CVI Co.), a polarizer (GTH5M, Thorlabs Co.), a second polarizer (LLC2-82-18S, OPTIMAX Co.) baked in an oven at a temperature of 150 0 C for 80 minutes, and a composite sample comprising of the quarter-wave plate and the baked polarizer, respectively. The quarter-wave plate and polarizer were chosen specifically to evaluate the performance of the proposed method in measuring the parameters of samples with low diattenuation and low birefringence, respectively.
Quarter-wave plate as a sample
Figs. 3(a) and (b) illustrate the experimental results obtained for the linear birefringence and linear diattenuation properties of the quarter-wave plate. In Fig. 3(a) , the average standard deviations of the principal axis angle and phase retardance are found to be 0.03° and 0.04°, respectively. In Fig. 3(b) , it is observed that the extracted value of the diattenutation axis angle varies non-linearly with changes in the slow axis angle of the quarter-wave plate. Moreover, it can be seen that the value of the extracted diattentuation fluctuates notably with changes in the rotational position of the sample. 
Polarizer as a sample
Baked polarizer as a sample
Figures 5(a) and (b) illustrate the experimental results obtained for the effective linear birefringence and linear diattenuation properties of the baked polarizer. The average measured values of the four optical parameters of baked polarizer with different diattenuation axis angles are summarized in Table 1 . As expected, the diattenuation has a value of less than 1 since the prolonged exposure of the polarizer to a high-temperature environment causes the optical intensity of the input light to leak through one of the diattenuation axes. It is observed that the baked polarizer as mentioned before causes the polarizer to develop distinct birefringence properties and the retardance has a nonisotropic characteristic. Interestingly, it is also seen that the principal axis angle and the diattenuation axis angle do not coincide exactly with one another.
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Conclusions
This study has proposed a technique based on a polarimeter and the Mueller matrix formulation for measuring the linear birefringence and linear diattenuation properties of an optical sample. The validity of the proposed approach has been demonstrated by measuring the principal axis angle (Į), retardance (ȕ), diattenuation axis angle (ș d ), and diattenuation (D) of a quarter-wave plate, a polarizer, a baked polarizer, and a composite sample comprising a quarter-wave plate and a baked polarizer, respectively. It has been shown that the proposed methodology enables the full-range measurement of the principal axis angle, diattenuation axis angle, and diattenuation, respectively. However, the dynamic measurement range of the retardance is limited to 0 ~ 180°. Nonetheless, the proposed method still enables the full characterization of samples such as thin films, in which the retardance is restricted to the range 0 ~ 180° due to their very thin thickness. As compared to many of the optical parameter measurement schemes presented in the literature, the methodology proposed in this study does not require the birefringence and diattenuation axes of the sample to coincide. In addition, the linear birefringence and linear diattenuation parameters are decoupled in the analytical model. Thus, the birefringence of the optical sample can be evaluated without any prior knowledge of the diattenuation characteristics.
